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Abstract: The object of the present paper is to define a new subclass 7;2’ \(A,B,7)
of analytic functions whose non-negative coefficients from the second onwards are
negative by using the differential operator Dfm y- We derive some interesting prop-
erties like coefficient inequalities, distortion bounds, convolution conditions and a
result which unifies radii of close-to-convexity, starlikeness and convexity.
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1. Introduction

Let A be the class of analytic univalent functions f normalized by
f(2) :z~|—2akzk, (1.1)
k=2

which are analytic in the open unit disc U.

Let 7 denote the subclass of analytic functions in U , consisting of functions
whose non-zero coefficients from the second onwards are negative, that is an ana-
lytic function f € T if it has a Taylor expansion of the form

flz)=2— iakzk, a > 0. (1.2)
k=2
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For any two functions f and h € T, where f is of the form (1.2) and

h(z) =2z — Z 12" . The modified Hadamard product of f and h. is defined by
k=2

(foh)(z)=2— Z apcpz®
Let P(A, B) [3] denote the class of analytic functions in & which are of the form

1+ Aw(z)

— = —-1<A<B<I1
1+ Bw(z)’ - -

where w is analytic in U, w(0) =0, |w(z)| < 1.
For a function f in 7, the new differential operator Df;m [2] is defined by,

1+ (k—1) ;( ) ]“)\Jrakzk, (1.3)

where 0 < Ae€eR, meN and (€N
or equivalently we have

DC i ()\)}C arz®,

k=2

[e.e]

D, =

k=2

where ¢'(\) = Z <Tjn) (=1"XN and 0<AeR, meN and (€N,
j=1
Note that, for m = 1, we get the Al-Oboudi operator [1] and for m = A =1,
we get the Salagean operator [5].
Now using the differential operator Dfm 5, we define a new subclass T,fh WA, B,7) as
follows.

Definition 1.1. A function f € T is said to be in the class T,,E’A(A,B,fy) if and
only if

— ) z(D¢ z)) 2(D51)
[(1 VDo ) T2 Dun Q) 4 gy e (1)

(1= )(D5,af(2)) + (D“lf( )

where 0 <y <1, 0<AeR, meN and (€Ny, —-1<A<B<LI1.
Observe that by specializing the parameters we get the following subclasses

e Si(A,B)and Ki(A, B) studied by Ganesan [3]
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e T (m,a), studied by Hur and Oh [4]
e T\"(A, B,v) studied by Latha and shilpa [6].

It is our goal in the following sections to prove coefficient inequalities, distortion
bounds, radii of close-to-convexity, starlikeness, convexity and convolution condi-
tions for the functions belonging to the above class.

2. Main Results

Theorem 2.1. Let the function f(z) be defined by (1.2). Then f(z) is in the class
7;27,\(14, B, ) if and only if

> (G NEA+B) = 1+ AL+ (N (k—1)]a, <B-A  (2.1)
k=2
where
r(CN) = [+ () (k — . 2.2
The result is sharp and the extremal functions are
fiulz) =z — (B = A) Eook>2 (2.3)

CNRI+B) — (1 + AT+ e (N (k—1)]

Proof. Assume that the inequality (2.1) holds and let |z| = 1. Then we have
(1= )2(D5, F2)) +1=(DSRIE)) 1‘ <
(L —=)(D;, Af(Z)) V(D (2) -
- D[l + Nk = DI+ el (M) (k = Dkar, — 1| _B—A
11— 2[1 + Nk = D[4y (N (k—=D]ap | = 14+ B

Appealing, to the maximum modulus theorem, we have f(z) € Té’/\(A, B,7).
Conversely, assume that f(z) € Tni/\(A, B,~). Then

o [ 27 T+ QO = DFNL e (k= Dlkarst | 14 4
P S+ OV~ DRI+ 9 )k~ Dlans [ 7 T+ B

Choose values of z on the real axis so that

(1 =9)2(Dppf(2) + 792D F(2)
(1= N5 af(2)) + (D5 f(2)

Y
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is real. Letting 2z — 1~ through real values, we obtain,

o R Piall + V(R = DI[L 9 (A (k = Dlkar | 1+ A
1= 000+ Nk = DI+ Mk —D]ax | — 1+ B

or equivalently we get,

[e.9]

1= [+ Nk = DL+ ye (A (k — 1))kay

1-— Z + ! — DI L4y (N (k
k=2

which yields (2.1).
Theorem 2.2. Let the function f defined by (1.2) be in the class 7’<m)\(A,B,7)

then
- B—A
kz S GC N (@B - AT 1) (2.4)
and
Zkak < (B A) . (2.5)

ca(C,A) (1 + e (N)(2B — A+ 1)

The equality in (2.4) and (25) is attained for the function f given by (2.3).
Proof. From Theorem 2.1, and from (2.1) it follows that

(149 (A)(2B = A+ 1)ea(¢A) D ax

< el N[EA+ B) = (1+ A1+ v (A (k — 1)]a
< 532_ A)?

which yields (2.4).

From (1.4), we have

o0

(1+9¢ (A)ea(CN) Y [k(1+ B) = (1 + Alay, < (B — A),

k=2
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that is,
(1+7¢"(A)ea(C, ) i kar(1+ B) < (B — A) + (14 A)(1+ 7 (\)ea(C, ) i ax.
s -
From (2.4) the above equation becomes
(147 ()G A) S ka1 4 B) <
=

B-A
(T +7e(N)ea(C N (2B — A+ 1)

(B—A)+ (14 A)(1+ ¢ (A))ea(C, A)

thus we have the proof.

Theorem 2.3. Let the function f defined by (1.2) be in the class 'T \(A, B,7).
Then we have

(B—4)

[Diuaf ()] = |21 = cr(C =1, M)(2B — A+ 1)(1 +~cr(N)

El (2.6)

and
(B—A4)

cx(C—i,\N)2B—-A+1)(1+ 'ycgn()\))

for z €U, where 0 <i < ( and ¢, (¢ — i, \) is given by (2.2).
The equalities in (2.6) and (2.7) are attained for the function f given by

| D (2)] < 2] + 2. (2.7)

(B—A4A) 2
(T+cPN)X@B— A+ (1 +7er(V)

fa(z) =2z — (2.8)

Proof. Note that f € TWEA(A, B,7) if and only if D}, ,f(z) € T,,ET;(A, B,~) and

o0

ch i, N ag2". (2.9)

k=2

From Theorem 2.1, it follows that

cr(C =14, A)(2B — A+ 1)(1 +~cf( chz)\ak
k=2
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o0

> k(G NEQ+B) = 1+ A1+ (A (k= 1)]ay < B— A

. (B - A)
;C’“(Z’ N < e @B — A+ DA T 7d () (2.10)

finally we get (2.6) and (2.7). Note that the equalities (2.6) and (2.7) are attained
for the function f defined by

o (B - 4) -
Dunaf(z) =2 G =i NECB— A+ (1 +7er(N) (2.11)

this completes the proof.

Corollary 2.4. Let the function f defined by (1.2) be in the class 7;57)\(14,3,7).
Then we have,

(B—A) )
1f(2)] > |z] — CQ(C,)\)(2B—A+1)(1+vc;”(>\))‘z| : (2.12)
and
(B—A) )
[f(2)] < Iz + c2(c,A)(2B—A+1)(1+7c§.n(A))|Z| . (2.13)

for z € U. The equalities in (2.12) and (2.13) are attained for the function fy given
by (2.8).

Corollary 2.5. Let the function f defined by (1.2) be in the class T\"(A, B,7).
Then we have,

/ 2(B - A)
FE 2= e NeB - AT DA e (2.14)
and
/ 2(B - A)
FEN St e N @B AT DA ey (2.15)

for z € U. The equalities in (2.14) and (2.15) are attained for the function fy given
in (2.8).

Corollary 2.6. Let the function f defined by (1.2) be in the class T\"(A, B,7).
Then the unit disc is mapped onto a domain that contains the disc

(G A) (2B — A+ 1)(1+ 7 (N) — (B —A)
T CNEB = AT DA ) (2.16)
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The result is sharp with the extremal function fo given in (2.8).
Theorem 2.7. Let the function [ € Trg’/\(A,B,’y). Then

d
’;:\D—l‘<1—5, in |z| <,
with ®(z) = z — Z)\kzk, and V(z) = z — Zukzk, are analytic in U with the

k=2 k=2
conditions N\ > 0, p > 0, A\g > pg, for k> 2 and f(z) e U(z) # 0. Where

. {Ck@a AN[E(1+ B) = (1 + A)J[1 + (M) (k= 1](1 - 5)] T
r = inf , k>2.
k (B = DA — pr) + p(1 = 0)]
(2.17)
Proof. Consider,
’ fod ‘ 2=y p Apagz® ‘
— 1l = b —1] <
fel DY
2= Dpg Man2® — 2+ 300 pwanzt | 3, ax[he — ]2
= % < = T <1-90
2= D o MKOEZ 1= 0, urag|2]
D arl O — ) + (L=l <10 (2.18)
k=2

where 7 is given by (2.17).
Hence by using Theorem (2.1), (2.18) will be true if,

[(Ae = pe) + (1 — 6) ) k(G MR+ B) — (1 + A1 + e (A)(k — 1)]

k—
1—6 271 < T
| = k(¢ MR+ B) — (14 A1+ 7\ (k — D)(1 = §)] 7
(B — A)[(M — i) + (1 = 6)]
By choosing  ®(2) = (1 _Z 5 and  V¥(z) =z, in the above theorem we get

the following corollary.

Corollary 2.8. Let the function f defined by (1.2) be in the class Té’/\(A,B,v).
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Then f is close-to-convex of order 6 (0 < § < 1), hence univalent, in the disc
|z| < r1, where

(1= 8)ex(¢ MIk(L+ B) = (1+ AL+ yer () (k = D]

_ > 9.
r1 H;%f (B— Ak , k>2
(2.19)
The result is sharp with the extremal function f given by (2.3).
By choosing  ®(z) = a _22)2 and ¥(z) = | i o in the above theorem

we get the following corollary.

Corollary 2.9. Let the function [ defined by (1.2) be in the class 7;2,)\(147377)‘
Then f is starlike of order 6 (0 < § < 1), hence univalent, in the disc |z| < ra,
where

(1= 8)ex(¢, MR+ B) — (1 + A1+ 7P (W) (k — 1)]]7

— inf k> 2.
R (B—A)(k—90) =
(2.20)
The result is sharp with the extremal function f given by (2.3).
2
By choosing  ®(z) = (it—z)s and V(z) = a _22)2, in the above the-

orem we get the following corollary.

Corollary 2.10. Let the function f be defined by (1.2) be in the class 7:737/\(14, B,7).
Then f is convex of order 6 (0 < § < 1), hence univalent, in the disc |z| < r3, where

(1 =0)cu(C, N)[E(1+ B) — (1 + A)J[1 + (M) (k —1)]
k(B — A)(k —0)

1
=1
7’3§i1;1f ] , k>2.

(2.21)
and ¢,(m, \) is given by (2.2), k > 2.

3. Convolution Properties

Theorem 3.1. If [ is of the form (1.2) and g(z) = z — Zbkzk belongs to the
k=2

class T,,EA(A,Bﬁ) then h(z) = (feg)(z) =2z — Zakbkzk will be an element of

k=2
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A
Tn§7/\(A,B,7) with —1 < Ay < By <1, where By > 11 ta

, A1 <1—2a, where

o= (B — Ay L 0<q<1
2B~ AT (1T & )+ 77 (V) — (B = A7

and these bounds are sharp.
Proof. From (2.1), we have

> (G VKL + B) = (1+ A)[L+ ¢ (A)(k — 1)]ay, < B — A.

where ¢ (¢, \) = [ A (k=1

1+c¢
i (G I+ B) = (1t AL+ 9k = Do _ (3.1)

B-A

k=2

and

i cr(G AR+ B) — (1 + A)J[1 47" (A)(k — 1)]by

<1 .
T <1 (3.2)

k=2
In view of Cauchy-Schwarz inequality, from (3.1) and (3.2) we obtain

k(14 B) — (1+ A)]
B—-A

Z ucy (G, A)[1+vej* (M) (k = 1)V agby <1 where u=
k=2

(3.3)
We need to find A; and B; such that h = feg € Tni/\(A, B,7), or equivalently,

[k(1+ By) — (1+ Ay)]

Zulck(g,)\)[1+’ycm()\)(k:—1)]akbk <1 where u; = (3.4)
k=2 ’ By — A
The inequality (3.4) will be true if
u1c (G, N[+ (A) (B — D]agbr, < uck(CA)[1+ e (A\)(k — D]V agb,  or
u
< —. .
(Zkbk ~ i (3 5)
1

But from (3.3) we get vagby <
Thus (3.5) will be true if

uck (AL +ye (M) (k= 1))

1 U
W CNL AT k=1~
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or
ur < e N1+ e (N (k — 1),
that is,
[k(1+ By) — (1+ Ay)]
(B1 — Ay)
Using —1 < B < A <1, it is obvious that
u?cr(C, A1 +~¢f(A)(k = 1)] > 1, for ¢ > 2 and hence (3.6) yields

< wex (G N1+ e (W) (k = 1)]. (3.6)

(B1—A1)> k—1

118 w1 “F

Since ¢(k) is a decreasing function of k, for k > 2, ¢(2) is the maximum value of
¢(k) and therefore

By — A (B — A)?

> = a. 3.7
1+B; — [ZB—A—i—1]2(1+c;71()\))<(1+’ycg71()\)) — (B —A)? @ (3.7)
Obviously, a < 1 and fixing A; in (3.7), we get
A
B >ttt (3.8)

~l1l—a

Substituting B; <1 in (3.8) we obtain, 4; <1 — 2a.
For verifying sharpness, we note that if £k = 2, then

c2(CA) = (L+ (V)
and hence by taking

(B—A)(1+N)

f(z)=g(2) =2 - (23—144—1)(14-’)/0;”()\))2267:75’)\<A’B’ry)

we get

B — A)? cm(N)¢
HE) = (P2 0)(2) = 2 = o e s € TS (4 B.7).

If we use this function h in (3.4), the inequality (3.7) transforms to equality, that
Bl — A1
1+ By

h €Ty (A B,7).

is, = a. Now if B; = 1, then A; = 1 — «, which shows in this case
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